We study x-ray photon scattering in the head-on collision of an XFEL pulse and a focused highintensity laser pulse, described as paraxial Laguerre-Gaussian beam of arbitrary mode composition.
I. INTRODUCTION
Quantum electrodynamics (QED) predicts effective nonlinear interactions of electromagnetic fields mediated by quantum fluctuations of electrons and positrons [1] [2] [3] [4] . The coupling of the electromagnetic field to a virtual electron-positron loop is mediated by the elementary charge e. In the low energy limit, i.e., for photon energies ω ≪ m e c 2 , where m e is the electron mass, these effective interactions are governed by the Heisenberg-Euler effective
Lagrangian [2] . For field strengths much smaller than the critical electric and magnetic fields, E cr = m for all present and near-future macroscopic electromagnetic fields available in the laboratory.
Correspondingly, a restriction to the leading interaction term is typically sufficient in studies of prospective signatures of QED vacuum nonlinearities with laboratory electromagnetic fields and optical to x-ray photon energies for probing. As the fine-structure constant fulfills α = e 2 /(4π c) ≃ 1/137 ≪ 1, we can moreover limit our considerations to the one-loop level;
cf., e.g., Ref. [37] . For reviews, see Refs. [5] [6] [7] [8] [9] [10] [11] [12] [13] 16] .
The collision of x-ray photons and a high-intensity laser field constitutes one of the most prospective scenarios towards the first experimental verification of QED vacuum nonlinearities in macroscopic electromagnetic fields in the laboratory. The dominant signal in the x-ray domain arises from the quasi-elastic interaction of the incident x-ray photons with the oscillation period-averaged intensity profile of the high-intensity laser; cf. Ref. [26] for a detailed discussion. On the theoretical side, it is conveniently analyzed on the basis of the photon polarization tensor evaluated in the high-intensity laser field, mediating between an incident and outgoing photon line. Upon identification of the incident photon line with the incident x-ray photons, we obtain a photon current, whose leading contribution is quadratic in the high-intensity laser field and linear in the x-ray field. This current sources x-ray energy signal photons whose propagation and polarization properties are governed by the effective interaction of the colliding photon fields.
The original theoretical proposal to perform such an experiment [18] exclusively focused on the effect of polarization flipping induced by a birefringence phenomenon of the quantum vacuum subjected to a macroscopic electromagnetic field; cf. also Refs. [19, 20] for more detailed analyses of the effect. Vacuum birefringence [29] [30] [31] [32] is already actively searched for in experiments using macroscopic magnetic fields to drive the effect and continuous wave laser for probing [33] [34] [35] ; see Ref. [36] for a recent review. As the birefringence signal is inversely proportional to the wavelength of the probe and directly proportional to the number of photons available for probing, employing an x-ray probe seems a very promising alternative route to verify the effect in experiment.
In the meantime, it has been demonstrated [23, 26, 27] that the scattering of signal photons outside the forward cone of the x-ray beam can be used to significantly increase the signal-to-background ratio. In principle, even the scattering phenomenon alone constitutes a signature of quantum vacuum nonlinearity. The main idea is to make use of the different decay behavior of the photons constituting the driving x-ray beam and the signal photons as a function of the polar angle measured with respect to the beam axis of the x-ray beam.
While the former is determined by the focusing optics, the latter is controlled by the details of the scattering process, most specifically the transverse profile of the high-intensity beam in the interaction region. The interaction region is the space-time volume where both pulses overlap, and ideally reach their peak field amplitudes. Generically, the weaker the x-ray beam is focused relative to the high-intensity laser beam and thus the wider its waist, the more pronounced is the difference in the decay behavior [27] . This can be intuitively understood by the fact that the weaker a beam is focused, the smaller its angular divergence. On the other hand, the smaller the scatterer, the wider the angular divergence of the scattering signal. Performing such an experiment at the European XFEL [14] amounts to a central science goal of the HIBEF consortium [15] , and is also targeted at SACLA [16] as well as SEL [17] . Employing this scattering phenomenon might be essential for measuring the effect of vacuum birefringence at an XFEL equipped with a petawatt-class high-intensity laser and state-of-the-art high-purity x-ray polarimetry [21, 22] .
So far, all available studies of the effect have modeled the high-intensity laser pump as fundamental paraxial Gaussian beam. However, the details of the scattering process may depend sensitively on the precise spatio-temporal structure of the pump field, and in particular on its transverse intensity profile in the interaction region. The present article is devoted to a first exploratory study of the fate of the scattering signal under deformations of the transverse focus profile of the pump. To this end, we focus on the head-on collision of a weakly focused XFEL probe pulse with a tightly focused high-intensity laser pump pulse. More specifically, throughout this article we assume the waist of the x-ray probe to be wider than that of the pump, thereby ensuring that the x-ray probe photons illuminate -and thus probe -the full transverse pump profile. While the former is modeled as linearly polarized plane wave supplemented with a finite pulse duration as in [23] , the latter is described as pulsed paraxial Laguerre-Gaussian (LG) beam of arbitrary mode composition [24, 25] , allowing us to consider generic rotationally symmetric beam profiles spanned by the
LG basis. The high-intensity laser field enters the calculation via the photon polarization tensor, which has been evaluated in the background of a pulsed LG beam in Ref. [28] based on a locally constant field approximation of the Heisenberg-Euler effective Lagrangian.
Our article is organized as follows: In Sec. II we recall our theoretical treatment of the effect based on the approach adopted to the study of the vacuum birefringence signal induced by a fundamental paraxial Gaussian laser pulse in Ref. [23] . Our main focus is on the generalization of the results of Ref. [23] to paraxial LG laser pulses of arbitrary mode composition, while -at the same time -keeping the resulting expressions as simple as possible. In order to achieve this, we make use of several well-justified analytical approximations.
Thereafter, in Sec. III we study the impact of differently shaped high-intensity laser pulse profiles on the scattering of the signal photons. Finally, we end with Conclusions and an Outlook in Sec. IV
II. THEORETICAL SETTING
In the Heaviside-Lorentz System with units c = = 1, the leading effective interaction between slowly varying electromagnetic fields induced by QED vacuum fluctuations is given
with field strength The associated photon polarization tensor follows straightforwardly as [38] 
It is linear in α, quadratic in the slowly varying electromagnetic field and mediates be-
Our conventions are such that both arguments of Π µν (., .) are ingoing, resulting in the minus sign in the first argument of the polarization tensor in Eq. (2).
Upon identification of this electromagnetic field with the field of a pulsed paraxial LaguerreGaussian laser beam of arbitrary mode composition, the photon polarization tensor encodes the vacuum-fluctuation-mediated impact of this background field on probe photon propagation. In principle, higher order contributions in the background field (fine structure constant) . Without loss of generality, we assume the beam to be focused at x = 0. Linearly polarized beams fulfill φ = const. and are characterized by a single field profile E(x), such that their electric and magnetic fields are given by E(x) = E(x)ˆ e E and B(x) = E(x)ˆ e B , respectively. In cylindrical coordinates (r, ϕ, z), the latter is given by
The radial focus profile is E(r) := E(x)| z=t=0 . Here, Ω is the oscillation frequency of the beam, w 0 its waist and z R = ), and hence should yield reliable results for τ Ω ≫ 1 [28, 38] .
The latter criterion is typically met for state-of-the-art high-intensity laser pulses. On the other hand, the paraxial approximation neglects terms of O(θ), where θ ≃ w 0 z R is the radial beam divergence in the far-field.
Correspondingly, the photon polarization tensor in this field configuration constitutes the central input for the present study. More specifically, throughout this article we only account for the quasi-elastic contribution to the photon polarization tensor characterized by k ′0 ≈ k 0 , and neglect manifestly inelastic contributions, which depend on the oscillation frequency Ω of the high-intensity laser. The latter are characterized by a finite energy transfer of the order of 2Ω, such that k ′0 ≈ k 0 ± 2Ω, corresponding to the absorption/release of two highintensity laser photons by the x-ray probe. These inelastic contributions are substantially suppressed as compared to the elastic one for the x-ray photon scattering scenario discussed here; cf. also Refs. [23, 26] . To keep this article self-contained, we reproduce the result [28] for the photon polarization tensor in a linearly polarized pulsed LG beam here. Taking into account the quasi-elastic contribution only, it can be represented as
with
reflecting the fact that the leading contribution of the polarization tensor considered here is quadratic in the background field. To keep this expression compact, we made use of the
and the following definition
The representation in the lower line is particularly convenient when aiming at a numeric evaluation of the function. For real-valued arguments a and b it is manifestly real-valued and does not exhibit an oscillatory behavior. The four-vectors spanning tensor structure in Eq. (5) can be expressed as [38] (kF )
, in the limit of an infinitely long pulse duration τ we recover a strictly elastic contribution. Furthermore, note that the electric peak field strength of a given mode can be straightforwardly related to the energy put into that mode as [28] 
The total laser pulse energy is given by
For convenience, we also make use of the definition
corresponding to the peak field strength squared, or equivalently peak intensity, of a fundamental Gaussian pulse of energy W .
As in Ref. [23] , we assume the incident x-ray probe to be linearly polarized and in the interaction volume to be described by
Here, E is the peak electric field amplitude, T the pulse duration and ω the oscillation frequency. The pulse is propagating in directionˆ k (the associated four-vector isk
and its polarization vector is ǫ ν (k) = (0, ǫ (k)). Finally, t 0 accounts for a finite temporal offset; i.e., the peak field is reached at t =ˆ k · x+t 0 . Equation (12) ) and thus constitutes a viable approximation for pulse durations fulfilling T ω ≫ 1. In this limit, the peak field amplitude can be related to the probe mean intensity I as E = 2 I , The mean intensity can be expressed as I = Jω in terms of the probe photon current density J = Formally, the field (12) only depends on the longitudinal coordinate and is infinitely extended in the transverse directions. On the other hand, the studied signal of quantum vacuum nonlinearity is only induced in the overlap region of both the x-ray and the high-intensity laser fields and its amplitude scales quadratic with the high-intensity field strength.
Hence, to a quite good approximation this field can nevertheless be considered as mimicking the field of a weakly focused fundamental-mode Gaussian x-ray probe field in the vicinity of its beam focus: the important criterion is that the waist w probe is much wider than the focal spot of the high-intensity laser field.
The effective interaction of the x-ray probe (12) with the strong electromagnetic field of the high-intensity laser pulse accounted for in the photon polarization tensor (5) gives rise to a signal photon current
Taking into account the explicit form of the probe field given in Eq. (12), in momentum space the latter can be expressed as
where we defined [23] 
Subsequently we will also make use of the following definition,
For completeness, note that these quantities fulfill lim
The amplitude for the emission of a signal photon of four-momentum
, wherefrom the associated differential signal photon number far outside the interaction region follows as
. In turn, we obtain
As we primarily aim at studying the effect of the transverse high-intensity laser profile in the focus on the signal, in the present article we exclusively limit ourselves to counterpropagating beams, i.e., the special case ofˆ k µ = (1, −ˆ e z ). Moreover, we assume a lin-early polarized x-ray probe and without loss of generality choose it to be polarized in x direction, i.e., ǫ ν (k) = (0,ˆ e x ). On the other hand, the signal photons can in principle be emitted in arbitrary directions. We parameterize their emission directions in spheri-
and their polarization vectors as
) by means of the additional angle parameter β ′ . For this choice, Eq. (17) can be represented as
Note, that the entire polarization dependence of both the x-ray probe (controlled by φ) and the signal photons (β ′ ) is encoded in the last term in the first line of Eq. (18) .
As the high-intensity laser pulse is characterized by frequencies much smaller than the xray frequency, it can only weakly impact the kinematics of x-ray photons. Correspondingly, the signal photons are mainly emitted in the forward direction of the x-ray probe and decay rapidly with the polar angle ϑ ′ ≪ 1 [23, 26] .
A. Generic rotationally symmetric high-intensity pumps
The total number of signal photons d 
In turn, from Eq. (18) we obtain
Obviously, the induced signal photon numbers d 
and ω ′ = ω + δω. The Gaussian term ∼ e −#δω 2 in the second line of Eq. (20) ensures that the signal photon energy is peaked at ω ′ = ω and falls off rapidly towards smaller and larger energies. The associated 1/e half width is δω = 2 (
To arrive at the expression in Eq. (20) we made use of the representation of F Λ (., .) in the first line of Eq. (7): performing the integration overω, the result can again be expressed in terms of F Λ (., .) with shifted arguments. Equations (19)- (21) constitute our most general results.
B. Analytical insights for high-intensity pumps with l = 0
In the remainder of this article we exclusively focus on the special case of pump fields spanned by LG 0,p modes only, i.e., consider the sector characterized by l = l ′ = 0. This amounts to the sector of light without orbital angular momentum [41] . Besides we consider only optimal collisions with vanishing temporal offset, i.e., set t 0 = 0. In this case, Eq. (20) simplifies significantly and features only parameter differentiations for c and h z , allowing us to set h ⊥ = 0 from the outset.
Additional simplifications are possible in the parameter regime whereā is small. From the representation of F Λ (., .) given in the second line of Eq. (7) we infer that the precise criterion is (ā 2 ) 2 /b ≪ 1. Taking the above 1/e half width as a measure of the typical spread of δω, this can be translated to the physical conditions
For completeness, note that the conditions (22) (21) simplify significantly and read
Moreover, the terms in the round brackets in the first line of Eq. (20) become ≃ ω. As will be shown in Sec. III below, the above assumptions are fully compatible with typical XFEL and high-intensity laser parameters.
Under the above assumptions, Eq. (20) can be expressed as
where we introduced the shorthand notation
Note, that Eq. (25) depends on the polar angle ϑ ′ only via the combination w 0 ωϑ ′ . In the considered limit, the function F Λ (., .) introduced in Eq. (7) has the following representation in terms of standard functions and the error function erf(.),
where n = |p − p ′ | ∈ N 0 ; cf. formula 3.362.2 of [44] .
In a next step we aim at integrating the differential numbers (19) over the signal photon energy ω ′ and the azimuthal angle ϕ ′ . Within the accuracy of the above approximations, 
Aiming at the explicit evaluation of this expression, it is convenient to decompose the sums over p and p ′ in Eq. (27) into diagonal and off-diagonal parts as
On the other hand, the far-field angular decay of a fundamental-mode Gaussian probe of waist w probe encompassing N in photons is given by
III. EXEMPLARY RESULTS
Subsequently, we aim at studying the effect of different transverse profiles of the highintensity laser on the scattering signal. To this end, we briefly focus on Gaussian laser fields prepared in a pure LG mode with l = 0, and on the class of flattened Gaussian beams introduced in Ref. [42] , which closely resemble super-Gaussian laser fields [43] .
In our explicit examples, we stick to the experimentally realistic parameters adopted in Ref. [23] for the study of vacuum birefringence in the collision of an XFEL probe pulse with a fundamental-mode (LG 0,0 ) Gaussian high-intensity pump. To be specific, we assume the XFEL to deliver pulses of duration T = 10 fs ≃ 15.20 eV 
A. Pure Laguerre-Gaussian modes
For the special case of the high-intensity laser field corresponding to a pure LG 0,p mode, characterized by l = 0 and a fixed value of p ∈ N 0 , we have
with W 0,p = W . Upon insertion of this expression into Eq. (27) , it is straightforward to determine the differential number of x-ray signal photons arising from the effective interaction of the x-ray probe with the counter-propagating LG high-intensity laser pulse. Figure 1 depicts the far-field angular decay of the signal photons (27) as a function of the polar angle ϑ ′ for both the fundamental Gaussian mode LG 0,0 studied already in detail in Ref. [23] and the LG 1,0 mode. As our focus is on normalized quantities, -apart from the special case of sin(2φ) = 0 -the results for N tot and N ⊥ are described by the same curves.
When giving explicit numeric results for the signal photon number N tot (N ⊥ ) in the remainder of this article, we stick to the optimal choice of the angle φ = (27) as a function of the polar angle ϑ ′ measured from the forward beam axis of the probe for different transverse pump profiles. Here, we consider the pump to be prepared in a pure LG mode; see the inset for the radial intensity profiles in the focus. For comparison, in gray we also highlight the angular decay (29) of a fundamental Gaussian probe of waist w probe = 3w 0 ; w 0 is the waist of the fundamental pump mode LG 0,0 . The plot is for ω = 12914 eV, λ = 800 nm, w 0 = 1000 nm, T = 10 fs and τ = 30 fs. This plot also highlights the quality of our analytical approximation (27) : the data points marked by crosses follow from a direct numerical evaluation of Eqs. (19)- (21) Generically, we observe that the differential numbers of x-ray signal photons (27) attainable in the head-on collision with a pure LG p,0 high-intensity pump exhibits p side peaks at finite values of ϑ ′ . Next-to-leading side peaks tend to be shifted to larger values of ϑ ′ and/or contain lower numbers of signal photons. They might, however, be employed to induce interference phenomena in the all-optical parameter regime, reminiscent of those discussed for multi-beam configurations in Refs. [45, 46] .
Also note, that the fact that Eqs. (25), (27) and (29) depend on ϑ ′ only via the combination w 0 ωϑ ′ implies that -keeping all the other parameters fixed -the results for the normalized angular decay of the signal and probe photons depicted in Fig. 1 can straightforwardly be rescaled to another x-ray photon energy ω
The same is true for
Figs. 2 and 3 discussed below.
B. Flattened Gaussian beams
The class of flattened Gaussian beams (FGBs) encompasses infinitely many representatives, which are labeled by a positive integer N and defined via the focus profile [42] 
where E 0,N denotes the peak field amplitude. Equation (31) contains the fundamental Gaussian beam (N = 0), and approaches a constant transverse field in the limit of N → ∞.
Generically speaking, the larger N , the larger the effective waist w N of the beam and the wider the flattened, plateau-like region about z = 0; cf. Fig. 2 for a graphical illustration.
An alternative representation of Eq. (31) is [42] E N (r) = E 0,N e −(
with coefficients
Equation ( 
for 0 ≤ p ≤ N and E 0,p = 0 for p > N . With the help of Eqs. (9) and (10), the peak field amplitude in Eq. (32) can then be expressed as
From Eq. (35) we can infer that the effective waist of the flattened Gaussian beam of order N is proportional to C N , prompting us to define w N = w 0 C N . In turn, the energy put into the contributing Laguerre-Gaussian modes (0, p) with p ∈ {0, . . . N } is given by
Upon plugging Eqs. (34) and (36) into Eq. (25), resulting in
we can analyze the differential numbers (27) of x-ray photons scattered at a focused highintensity pulse of flattened Gaussian transverse profile.
In Fig. 2 we focus on the far-field angular decay of the x-ray signal photons induced in the head-on collision of the x-ray probe with flattened high-intensity Gaussian pumps of different orders N . We limit ourselves to N ≤ 4, implying that the considered flattened Gaussian focus profiles are -to a good approximation -uniformly illuminated by the x-ray probe of waist w probe = 3w 0 ; see the inset in Fig. 2 . The general trend is as follows: the wider the pump, i.e., the larger N , the narrower the scattering signal. This is of special interest as it allows for an assessment of the role of the details of the transverse focus profile of the pump on the angular decay of the signal photons. Figure 3 shows that the angular decay of the scattering signal associated with an FGB profile of order N is slightly less pronounced than that for the corresponding rescaled Gaussian pump.
This indicates that the steepness of the transverse focus profile of the pump impacts the angular decay of the signal: a steepening of the pump profile while keeping its peak field and pulse energy fixed seems to result in a less pronounced angular fall-off. The signal photon numbers associated with the rescaled Gaussian pump highlighted in Fig. 3 are
. These values are of the same order, but somewhat smaller than the corresponding FGB results given above. Correspondingly, our results indicate that for pumps featuring transverse focus profiles of similar characteristics (same pulse energy and peak field, similar waist spot size, monotonic fall-off with r) the scattering phenomenon of signal photons outside the forward cone of the probe is not very sensitive to the details of the pump's transverse focus profile. This is reassuring for the perspectives of searching this effect in experiment: as to date the precise intensity distribution of focused high-intensity laser pulses amount to critical unknowns, the stability of the scattering phenomenon under deformations of the pulse profile is of central importance for the feasibility of such an experiment with state-of-the-art technology. On the other hand, our present analysis shows that a quantitative precision study of QED vacuum fluctuation mediated x-ray photon scattering at a focused high-intensity laser pulse invitably requires knowledge about the particular focus profile available in experiment. 
IV. CONCLUSIONS AND OUTLOOK
In this article we generalized Ref. [23] studying vacuum birefringence in the head-on collision of a weakly focused x-ray probe with a tightly focused high-intensity pump, described as fundamental paraxial Gaussian mode, to paraxial Laguerre-Gaussian beams of arbitrary mode composition. In this context, we explicitly showed that the total number of signal photons attainable in a polarization insensitive measurement is maximized for a different choice of the polarization vectors of the colliding beams than the number of polarization flipped signal photons constituting the vacuum birefringence signal. Resorting to a few well-justified approximations, we were able to provide simple analytical estimates for the differential numbers of signal photons as a function of the polar angle ϑ ′ measured from the forward beam axis of the x-ray probe. Finally, we discussed some exemplary results and emphasized the differences from the sceanario with a fundamental Gaussian pump. More specifically, we focused on pump fields corresponding to a pure Laguerre-Gaussian mode and to the class of flattened Gaussian beams [42] . From the comparison of the far-field angular decay of the signal photons induced by a flattened Gaussian pump and a fundamental Gaussian pump of similar waist size in the focus we inferred that -keeping the pulse energy and the peak field the same -the scattering signal is not very sensitive to the details of the pump's transverse focusing profile.
The formulas presented in the present article allow for the study of vacuum-fluctuationmediated x-ray photon scattering at head-on colliding, rotationally symmetric paraxial highintensity laser pulses of arbitrary transverse focus profiles. By construction they are limited to the parameter regime where w probe w 0 . Their generalization to finite collision angles as well as elliptical focus profiles of the pump is straightforward. We are confident that our results will stimulated further investigations of the fate of the x-ray scattering signal under deformations of the driving laser pulses in the interaction volume. Interesting directions would be the study of similar effects in high-intensity laser pulse collisions in the all-optical regime, and explicitly accounting for the transverse profile of the x-ray probe.
